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ABSTRACT
A data-fusion approach is reported to reconstruct missing data and is applied to particle image velocimetry (PIV) measurements.
This approach departs from the existing ones in that the datasets involved in its operation are incomplete. Two sets of incomplete
but complementary data with fault regions, obtained using different measurement setups, are combined to yield a complete
dataset by reconstructing the missing data. In this report, the capability of the current approach is first demonstrated by using
three fabricated scalar patterns with different frequency spectra. Second, this method is applied to PIV measurements pertaining
to the natural wake of a circular cylinder with a Reynolds number ReD = 1.8 × 103. The performance of this approach is also
examined under different configurations, size, location, and direction, of the fault regions. For the real-world data with turbulence
and fluctuations, this approach encounters an overfitting problem. To employ this approach in real-world applications without
ground-truth data, a method is also proposed to avoid the overfitting problem and estimate reconstruction accuracy. Then, the
method is applied on a spectrally richer flow, i.e., wake flow of two side-by-side cylinders with different diameters, and a wake
flow of a blunt plate at a relatively higher Reynolds number ReD = 1.6 × 104. The errors are observed to be below 6% for the velocity
and fluctuating components.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5079896

I. INTRODUCTION
Data missing is a critical problem in applications of flow

measurement, monitoring and control, due to geometrical
constraints on the flow measurement and limited measure-
ment range of the flow sensors. For example, optical mea-
surements, such as particle image velocimetry (PIV) and fast
pressure sensitive paint (PSP), have found wide applications in
fluid-dynamic research to obtain unsteady fields of velocity
vector and scalar pressure. However, in many optical mea-
surement applications, instances of missing data caused by the
occurrence of fault (or shadow) regions within the light field
have been experienced. For example, during measurements of
wake flow downstream of a cylinder or an airfoil, the presence
of objects (cylinder/airfoil) in the flow field tends to block

the light, thereby resulting in the creation of shadow regions
in the light field. This situation becomes worse when per-
forming channel-flow measurements using optical techniques
within complicated models owing to the difference between
reflective indices of the model material and the working
fluid.

One solution to fill the data in the fault region is based
on prediction or reconstruction methods. Sciacchitano et al.
(2012) proposed a prediction method by solving the unsteady
incompressible Navier-Stokes equation within the small gaps
of PIV data. Although very interesting, this method requires
a high acquisition frequency of the PIV data and small size
of the missing-data region. In addition, it is difficult to apply
this prediction method in the measurement of scalar quantity.
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On the other hand, rather than solving the physical equa-
tions, the reconstruction method is based on spatial inter-
polation or regression of values at neighboring positions.
Kriging is an advanced spatial interpolation technique to
recover missing data (Gunes and Rist, 2008 and Raben et al.,
2012). However, this approach strongly relies on the corre-
lation parameters selected in the interpolation and is more
suitable to reconstruct a monotonic field inside the data gap
(Sciacchitano et al., 2012) with heavy computation cost
(Saini et al., 2016). To this end, the reconstruction method
based on a low-dimensional analysis of the target flow field has
been developed (Saini et al., 2016). Proper orthogonal decom-
position (POD) is widely used to obtain low dimensional POD
modes of flow fields. Known as gappy POD, the POD coeffi-
cients can be optimized to repair missing data. This method
has been demonstrated successfully by numerical results with
randomly missing data (Bui-Thanh et al., 2004 and Venturi
and Karniadakis, 2004). It was also applied to correct out-
lier data of PIV (Raben et al., 2012; Wang et al., 2015; and
Higham et al., 2016) and extract coherent flow structures
(Podvin and Fraigneau, 2017; Ribeiro and Wolf, 2017; and Aliyu
et al., 2018). However, it is challenging to apply this so-called
gappy POD directly in current situation since no informa-
tion is captured from within such fault regions of the light
field.

To this end, data fusion has been demonstrated as a suc-
cessful method that facilitates a greater understanding of data.
It is based on the ideal of taking diverse datasets and combin-
ing them into one, thereby extracting information that could
not be obtained exclusively from any one dataset. Data fusion
has previously been employed in many fields, such as tar-
get recognition (Herrera et al., 2013) and image fusion (Liu
et al., 2018). However, instances of it being applied in the
field of fluid experiment are, at best, limited (Discetti et al.,
2018). Based on the gappy POD technique, Zimmermann et al.
(2014) devised a method to fuse the full-field data obtained
from computational fluid dynamics (CFD) simulations with
the scattered data obtained from wind-tunnel experiments.
Vendl and Faßbender (2010) employed a similar technique
to estimate pressures over wing surfaces, and their results
demonstrated good agreement with those obtained via CFD
simulations. Ruscher et al. (2017) developed the technique to
recover missing PIV data caused by the occluded regions
of the pressure sensor. Instead of using CFD results, their
approach was based on the theoretical knowledge of jet
flows being axisymmetric. Data were recovered with the
help of the other half of the flow field. Although very inter-
esting, the above methods require information to be avail-
able across the entire flow field, i.e., either obtained via
CFD or based on theoretical assumptions. However, accu-
rate CFD simulations of complicated flow fields are time-
consuming as well as resource-consuming and are often
quite challenging. Theoretical assumptions also face signifi-
cant limitations. It is therefore straightforward to consider
fusing multiple complementary datasets obtained from dif-
ferent experiments. He and Liu (2017) fused two datasets
obtained from PIV measurements with different strengths in

spatial and temporal resolutions, respectively. Recently, Wen
et al. (2018) successfully fused spatially resolved but noisy full-
field data obtained from PSP measurements with clean but
scattered data obtained from microphone sensors to recon-
struct a full-field clean pressure field. With regard to the
current data-missing problem, contrary to performing all
measurements at once, it is relatively easy to conduct mul-
tiple runs of measurement whilst making only slight changes
to the setup, and during each run, complementary data could
be obtained. Considering the PIV measurement of wake flow
downstream of a bluff body, the PIV laser sheet could be
fired from one direction during the first run and from another
direction during the second run. The two sets of measured
data, sets A and B, would, thus, both be incomplete, but
would possess fault regions at distinct locations. The use of
the data-fusion approach now becomes suitable for recover-
ing missing data within fault regions by combining datasets
A and B. However, as a method in a larger machine learning
framework, this approach can also face an overfitting prob-
lem. Convergence test and evaluation of the repairing accu-
racy remain challenging tasks in the absence of ground-truth
data in real-world applications. Fortunately, the flow field
possesses the unique feature of continuity in space. Statistic
convergence and accuracy of the recovered data within fault
regions can, therefore, be tested and evaluated by comparing
the recovered data against those measured in a neighboring
region.

This paper reports the development of the earlier said
data-fusion approach to reconstruct missing data using two
complementary but incomplete measured datasets, without
the requirement of consolidated full-field data. First, the capa-
bility of this method is demonstrated using clean fabricated
patterns composed of different basic functions with various
frequency spectra. Second, it is tested using data from the
PIV measurement of the classical wake flow downstream of
a cylinder at Reynolds number ReD = 1.8 × 103. Two syn-
thetic fault regions with missing data are generated. Conver-
gence is examined using different numbers of POD modes
employed in this approach to address the overfitting prob-
lem. The performance of the fusion approach is also examined
under different configurations of the fault regions in terms of
their size, location, and direction. A method is then proposed
to avoid the overfitting problem and estimate the recover-
ing accuracy in real-world applications without the ground-
truth data. Then, the capability of this approach is further
validated by a spectrally richer flow behind two side-by-side
cylinders with different diameters. Last but not least, this
approach is tested by a wake flow of a blunt plate at a relatively
higher ReD = 1.6 × 104.

II. METHODOLOGIES
A. Proper orthogonal decomposition (POD)

The proper orthogonal decomposition (POD) method of
analysis (Lumley, 1967) is a useful tool for reducing dimen-
sions of a complicated flow phenomenon (Feng et al., 2011;
Zhang et al., 2014; Wen et al., 2016; Terashima et al., 2018; and
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Xia et al., 2018). The underlying principle and equations
concerning POD have been reported in many extant stud-
ies and are, hence, only briefly summarized in this section.
The present method employs the “snapshot” POD technique
(Sirovich and Kirby, 1987) by means of which an unsteady flow
field u, from a dataset U, could be decomposed to the following
form:

u = ū +
P∑
i=1

aiΦi, (1)

where ū denotes the mean flow field, Φi denotes spatial
POD modes, ai is the corresponding POD coefficients, and P
denotes the number of snapshots used in the calculation. The
temporal coefficients ai can be calculated using single value
decomposition as follows:

(a, λ) = svd(C). (2)

Here, C denotes the spatial correlation matrix calculated
using inner products of the complete dataset (U, U′). The
spatial POD modes Φi are then calculated by projecting U
onto the coefficients, with subsequent normalization. Eigen-
values λi represent the energy captured by the corre-
sponding POD modes Φi and form a descending convergent
series. This energy is usually expressed as a friction of the
total fluctuating energy, i.e., λi/

∑
λi, and represented as a

percentage.

B. Fusion approach
A schematic of the proposed fusion approach is depicted

in Fig. 1. The first dataset A is represented by boxes marked
with “A.” The white region on the right side of the box uA rep-
resents a fault region with missing data in the measurement
field. One instant data uB from dataset B are represented by
the box below PIV set A. The white (fault) region can now
be seen to have shifted onto the left side of the flow field.
Thus, both datasets (A and B) are incomplete but comple-
mentary. The application of the fusion approach assumes both
datasets to be statistically identical. In the present case, this
implies that the two independent measurements for datasets
A and B are performed on identical flow fields. Under this

assumption, POD modesΦA calculated from dataset A could be
used to recover missing data within dataset B. Since the loca-
tion of the fault region in POD modes obtained from dataset
A is different from that of the corresponding fault region in
dataset B, a mask is required to assimilate POD modes and
dataset B. A mask M with two white regions is, therefore,
especially designed. At the end of the masking process, both
POD modes—ΦA

mask from dataset A and instant data uB
mask

from dataset B—are marked by two fault regions. Similar to
that employed in gappy POD, a linear equation is solved to
find the optimized POD coefficients ai, which can best fit
the data available from uB

mask to the POD modes ΦA
mask.

Finally, the products of the POD coefficients ai and original
POD modes ΦA (without mask) yield reconstructed data urecon,
which is equivalent to uB. Consequently, missing data in uB

can be recovered from urecon, thereby resulting in a fully fused
dataset ufused. The above description illustrates the procedure
to recover a single instant of data from set B. For remain-
ing instants, the same procedure must be repeated many
times.

In the above procedure, the mask M is required to assim-
ilate the POD modes ΦA and instant data uB. It can be defined
as

Mj = 1, if data are not missing,

Mj = 0, if data are missing,
(3)

where j denotes a spatial location in the measurement field
u. The assimilation process is then accomplished by obtain-
ing pointwise production between the mask M and ΦA and uB,
expressed as follows:

Φ
A
mask =

〈
Φ
A,M
〉
, (4)

uB
mask =

〈
uB,M

〉
. (5)

To fit the data available from uB
mask to POD modes ΦA

mask, the
corresponding POD coefficients ai are required to satisfy the
following constraints:

min( ||uB
mask − u

recon
mask ||), (6)

subject to : urecon
mask = ū

A +
P∑
i=1

aiΦA
mask,i, (7)

FIG. 1. Schematic of the data fusion approach.
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where urecon
mask represents the reconstructed data that must

be similar to uB
mask. The problem can be solved by differ-

entiating the system [Eq. (7)] with respect to ai and set-
ting the derivative equal to zero. Using the least squares
method (He and Liu, 2017), this yields the solution for ai as
follows: 〈

Φ
A
mask,i,ΦA

mask,j

〉
ai =

〈
uB

mask,ΦA
mask,i

〉
. (8)

With the optimized values of coefficients ai, reconstruction
of the flow field using ΦA (without mask here) can be accom-
plished as follows:

urecon = ūA +
P∑
i=1

aiΦA
i. (9)

Finally, the missing data in uB can be recovered using urecon to
produce a fully fused dataset ufused.

C. Wake flow of a single cylinder
To test this approach using real-world data, PIV mea-

surements are performed on various flow fields. First, the
experiment is conducted in an open-water tunnel used by
Wang and Liu (2016). The tunnel comprised a test section
measuring 150 (width) × 250 (height) × 1050 (length) mm.
As depicted in Fig. 2(a), diameter D of a cylinder placed
within the tunnel measures 15 mm. The freestream is main-
tained at U∞ = 0.12 m/s, thereby yielding a Reynolds number
ReD = 1.8 × 103 based on the hydrodynamic diameter. To facili-
tate PIV measurements, the entire water tunnel is seeded with
glass beads (ρ ≈ 1050 kg/m3, d ≈ 10 µm) as tracer particles.
The middle plane is illuminated using an 8-W continuous-
wave semiconductor laser (532 nm). A high-speed camera
(Mikrotron, USA) equipped with a 200-mm lens (PC Micro,
Nikon, Japan) is used to capture seeding images. A multigrid
cross-correlation technique, in combination with subpixel
recognition via Gaussian fitting, is employed with a final inter-
rogation window size of 16 × 16 pixels with 50% overlap. Mea-
surement uncertainties, as determined via recursive image
interrogation, measure approximately 2% pertaining to veloc-
ity components along the axial and transverse directions (Wen
et al., 2015). Six thousand instantaneous flow fields are cap-
tured via PIV measurements to serve as the data pool. Of these,
5000 instantaneous flow fields comprise dataset A to produce
POD modes, and the remaining 1000 flow fields are used as
dataset B to be recovered. The convergence of the POD analy-
sis is achieved using 5000 snapshots. It is worth noting that
although the flow field is resolved in fine temporal resolu-
tion by the high-speed camera, this is not necessary for the
current method since only the spatial POD modes are kept in
reconstruction.

D. Wake flow of two cylinders
In the same water tunnel, two side-by-side cylinders

with different diameters are used to produce a spectrally
richer wake flow with multi-dominant structures. As shown
in Fig. 2(b), the small cylinder had a diameter of Ds = 8 mm,

FIG. 2. Schematic of PIV measurement regions of various flow fields. (a) Wake
flow of a single cylinder in a water tunnel. (b) Wake flow of two cylinders in a water
tunnel. (c) Wake flow of a blunt plate in a wind tunnel.

whereas the big one had a diameter of 2Ds. The gap between
the side-by-side cylinders is fixed as G/Ds = 3.6. The free-
stream velocity is maintained at U∞ = 0.125 m/s, which results
in a Reynolds number ReD = 1 × 103. The PIV setup is also similar
to that in the wake flow of a single cylinder. In the data fusion
approach, 7000 instantaneous flow fields comprise dataset A,
and the remaining 3000 flow fields are used as dataset B. The
details of the experimental setup can be found in Zhang et al.
(2014).

E. Wake flow of a blunt plate
The above flow fields have a relatively low Reynolds num-

ber, i.e., ReD < 2 × 103. In order to test the capability of
this approach at a relatively higher Reynolds number, a wake
flow is generated behind a blunt plate in a low-speed open-
circuit wind tunnel used by Zhang and Liu (2017). The test
section of the wind tunnel is 300 mm × 300 mm × 2000 mm.
The free-stream velocity fluctuation intensity is about 0.6%.
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As shown in Fig. 2(c), the blunt plate with a thickness of
D = 24 mm is placed at the middle height of the test
section. The free-stream velocity is maintained at
U∞ = 10 m/s, resulting in a relatively higher Reynolds num-
ber ReD = 1.6 × 104. The chord-to-thickness ratio is fixed at
L/D = 6. According to a previous study at this chord-to-
thickness ratio (Zhang and Liu, 2017), the wake flow can be
strongly disturbed by the separated flow induced from the
leading edge of the plate, resulting in an unstable and less
periodic wake flow. The wake flow is measured using pla-
nar PIV. Di-Ethyl-Hexyl-Sebacat (DEHS) droplets are used as
seeding particles. The measurement region is illuminated by
a Nd:YAG laser with a 135 mJ/pulse. A CCD camera (IPX 16M,
IMPERX, USA) is used to capture the seeded flow patterns. In
the data fusion approach, 2000 instantaneous flow fields com-
prise dataset A, and the remaining 1000 flow fields are used as
dataset B. The details of the experimental setup can be found
in Zhang and Liu (2017).

III. RESULTS
Before real-world data, three fabricated patterns are

first used to demonstrate the capability of this data fusion
approach. Their frequency spectra are designed to become
richer with the aim of testing this approach in more compli-
cated flows.

A. Fabricated patterns
The three fabricated patterns Fk are constructed based

on four basis functions to simulate convecting patterns (Seena
and Sung, 2011 and Zhang et al., 2014)

Fk =
m=k∑
l=0

ql, k = 1, 2, 3, (10)

q0 = exp(−y2/0.7), (11)

qn =
m=∞∑
m=−∞

(−1)m exp

−*
,

(x − βnm − γnt)
2

dn
+
-

+
y2

dn


,n = 1, 2, 3, (12)

where x and y are the streamwise and spanwise dimen-
sions, respectively. The diameter of the structure is defined
as dn = anx + bn, where an and bn are constants. The
wavelength factor βn is defined as the distance between
two neighboring structures. γn is the convection veloc-
ity of the structure in the streamwise direction. Defined
by γn/(2βn), fn is the frequency of the structure qn. By
using the parameters listed in Table I, three dynamics basic

TABLE I. Parameters of the fabricated pattern, a spectrally richer flow.

n a b β γ f

1 0.03 0.05 0.8 0.8 0.5
2 0.015 0.035 0.55 1.8 1.64
3 0.0075 0.02 0.3 2.4 4

structures, i.e., q1, q2, and q3, are particularly designed with
distinct frequencies. Figure 3 shows instances of the station-
ary field and the three different dynamic structures. As shown
in Eq. (10), different combinations of the basic functions can
generate distinct convecting patterns with various dominating
frequencies.

As shown in Fig. 4, the first combined pattern F1
comprises q0 and q1, with a single dominating frequency.
The second pattern F2 is the combination of q0, q1, and
q2, which have two major frequencies. The resulted pat-
tern also shows strong variation in space. Finally, the third
pattern F3 consists of all the basic functions. The com-
bined patterns are more complicated with multiple major
frequencies.

To test the current data fusion approach, two regions
with missing data are generated in the above combined pat-
terns in datasets A and B, as shown in Fig. 4. As the first step,
POD analysis is first conducted on dataset A. The energy spec-
tra of the POD modes in Fig. 5(a) demonstrate a descending
trend with the mode number. For the three fabricated pat-
terns, the energy spectrum spreads among more POD modes
as the patterns comprise more basic functions. For the first
combined pattern F1, the first two POD modes are the dom-
inating ones and take the majority of the energy. Although
not shown here, the two POD modes also capture similar
flow structures, which reveal the convective nature of the
flow patterns in the unsteady function q1 (Wen et al., 2016).
On the other hand, the steady function q0 is not taken into
the POD analysis since the long-time averaged field is sub-
tracted in the pre-processing of the data. With an increase
in the mode number, the corresponding captured energy
tends to fall off rather quickly to zero. On the other hand,
the second pattern F2 has four major modes, whereas the
third pattern F3 has six major modes. As a result, more POD
modes are required in the data fusion approach to repair
the missing data when the flow becomes spectrally richer.
Figure 5(b) illustrates the dependency of the accuracy of data
recovery on the number of POD modes employed, and the
error incurred is defined by comparing the recovered and
ground-truth data, using the following relation prescribed
by Ruscher et al. (2017):

ei =
|ui

recover − ui
truth |

umaxtruth − umin
truth

(%), (13)

where ui
recover denotes the data recovered at spatial loca-

tion i and ui
truth represents the corresponding ground-truth

data. The variables umax
truth and umin

truth denote maximum
and minimum velocities, respectively, across the entire fault
region. As shown in Fig. 5(b), for the first combined pattern,
only the first 2 POD modes are required to achieve a recon-
struction accuracy below 2%. On the other hand, the first
4 and 6 POD modes are required for the 2nd and 3rd pat-
terns to achieve a similar level of reconstruction accuracy,
respectively.
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FIG. 3. Basic functions used to generate fabricated patterns: (a) q0, (b) q1, (c) q2, and (d) q3.

It is worth noting that the errors for all the three fab-
ricated patterns eventually converge to zero when using
enough POD modes. This is actually not surprising because the

fabricated patterns are clean without any turbulence. How-
ever, in real-world applications, the flow field more often
experiences strong turbulence and fluctuations. Based on POD

FIG. 4. Examples of three fabricated patterns based on different combinations of the basic functions. Dataset A is on the left, whereas dataset B is on the right. The blue-color
stripes are the regions with missing data. (a) F1 = q0 + q1, (b) F2 = q0 + q1 + q2, and (c) F3 = q0 + q1 + q2 + q3.
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FIG. 5. (a) Energy spectra of the POD modes of the three fabricated patterns. (b)
Error incurred in data recovery vs the number of POD modes employed in the data
fusion approach.

decomposition, the high-order modes are expected to
capture the much less-coherent turbulence. It is then
necessary to test the convergence and performance of
this data fusion approach using real-world measurement
data.

B. Wake flow of a single cylinder
PIV data of the wake flow of a single cylinder are then

used to test the performance of this approach using real-
world data. Figure 6 depicts examples of flow-field-data
ground truth and incomplete datasets A and B. As depicted
in Figs. 6(b) and 6(c), the fault regions with missing data
are located downstream (4.1D < x < 4.6D) on the right side
and upstream (2.1D < x < 2.6D) on the left side of the
wake flow in datasets A and B, respectively, whilst being
of identical shape and size in both datasets. The said fault
regions measure approximately 0.5D in width. The distance
between two regions is approximately one wavelength of the
shed vortices, as indicated by streamwise velocity (u/U∞)
contours.

Dataset A is used to generate POD modes used in sub-
sequent data reconstruction. The energy spectrum observed
and typical POD modes generated in this study are depicted
in Fig. 7. Similar to the POD analysis of the fabricated pattern
F1, the first two modes possess energy much higher compared

to all other modes by taking about 50% of the total fluctuating
energy, thereby capturing the most energetic flow structures,
as depicted in Figs. 7(b) and 7(c). However, due to the turbu-
lence in the flow field, the energy of the higher-order modes
are no longer zero, but with small values. Accordingly, flow
patterns captured by higher-order modes demonstrate flow
turbulence with weak coherence, as depicted in Figs. 7(d) and
7(e), corresponding to modes Φ50 and Φ100, respectively. It is
here to be noted that across all POD modes, there exists a fault
region with missing data in the right-side downstream region
of the flow field.

Figure 8 presents the dependency of the reconstruction
error on the number of POD modes used. The POD modes are
generated from dataset A, and missing data within the fault
region in dataset B with 1000 instant flow fields are recovered.
Statistic error is obtained by averaging the spatial-averaged
ones of the 1000 instant flow fields. Contrary to that of the
clean fabricated patterns, the repairing error of the veloc-
ity field does not simply converge to zero by increasing the
number of POD modes employed to recover data in the fault
region in dataset B. As depicted in Fig. 8(a), at the beginning,
the overall error is observed to decrease with an increase in
the number of POD modes employed. By increasing the num-
ber of modes from 2 to 200, the error decreases from 6.6% to
4.9%. However, the error goes up and diverges when adding
more higher-order modes. This indicates an overfitting prob-
lem. In general, the overfitting problem is the result of adding
more parameters that cannot be justified by the training data.
As such, the model tends to follow the training data perfectly.
On the other hand, it is too dependent on the training data
and it is likely to have a higher error rate on new unseen data.
Here, the data in the overlap region between datasets A and B
serve as training data, whereas the missing data to be recov-
ered in the fault regions are the new data. As shown in Fig. 8(a),
the error in the overlap region always decreases by increas-
ing the number of the modes. Finally, it goes down to zero
when the mode number is larger than the field dimensions in
the overlap region, i.e., 6930. By adding more modes in the
data recovery in the fault region, there will be infinite solution
which cause the divergence of the recovered data. The over-
fitting problem indicates that the POD modes generated from
dataset A cannot perfectly represent the flow structure details
of dataset B, due to the high fluctuations in the flow fields
and measurement noise. As such, 200 POD modes are used
thereafter for best recovery. As depicted in Figs. 8(b)–8(h),
the recovered flow field is magnified to depict the details. It
becomes more close to the ground truth by employing a num-
ber of modes from 2 to 200. However, the recovered flow
field shows strong fluctuations when using too many modes,
i.e., 4000.

Figures 9(a) and 9(b) present an instant fused flow field
in dataset B using 200 POD modes. By comparing to the
ground-truth flow field, it is observed that both streamwise
and spanwise velocities are well recovered in the fault region
and fused smoothly with the neighboring values. Figures 9(c)
and 9(d) show the spatial distributions of time-averaged errors
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FIG. 6. Examples of (a) ground truth of full wake flow of a single cylinder, and (b) dataset A and (c) dataset B comprising streamwise velocity contours with velocity vectors.
Vertical strips with light blue color indicate fault regions with missing data. (a) Ground truth of full flow field. (b) Dataset A to produce POD modes. (c) Dataset B to be
recovered.

eu and ev. Large errors in calculation are observed along the
trajectory of shedding vortices within a range of 1.5D < y
< −1.5D. The peak values of errors eu and ev are observed
at distinct locations, that is, peak values of the error eu in
streamwise velocity are located along two strips at a dis-
tance y = ±0.8D from the domain centerline. The peak val-
ues of the error ev, on the other hand, are located along the
center line. The spatial distribution of errors is observed to
be closely associated with the distribution of time-averaged
velocity fluctuations, as depicted in Fig. 10. Higher recov-
ery errors are observed at locations of corresponding high
velocity fluctuations. This result, however, is not surprising.
The flows with greater unsteadiness possess higher dimen-
sions and usually weakly correlated in space. Therefore, it
is more difficult for reconstruction. Figure 10 depicts the

higher-order statistics of the recovered data and the contours
of the corresponding errors. The root mean square (RMS)
values of the recovered streamwise and spanwise velocities
are compared against the ground truth values. The recov-
ered values of the fluctuating velocity components are also
observed to be nearly equal to their corresponding ground-
truth values, albeit with a spatial-averaged error below 5%.
Despite the low reconstruction error, there is still mismatch
along the edges of the wake flow and the corresponding high
errors. The recovered RMS value is slightly lower than the
ground truth. The reason is believed to be the exclusion of
the higher-order modes in the reconstruction. As such, the
fluctuation in the reconstructed field is suppressed to some
extent.
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FIG. 7. POD analysis of dataset A. (a) Energy spectrum of POD modes; (b) POD mode, Φ1; (c) POD mode, Φ2; (d) POD mode, Φ50; and (e) POD mode, Φ100.
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FIG. 8. (a) Error incurred in data recovery vs the number
of POD modes. Both errors in the fault region and over-
lap region between the two datasets A and B are plotted.
[(b)–(e)] Region of data recovery in the fault region has
been magnified to depict details and make comparisons
with the ground-truth flow field. [(f)–(h)] Contours of error.
(a) Error vs the number of modes employed; (b) ground
truth; (c) 2 modes; (d) 200 modes; (e) 4000 modes; (f) 2
modes; (g) 200 modes; and (h) 4000 modes.

Subsequently, the performance of the proposed approach
is examined under different configurations, size, location, and
direction, of the fault region within dataset B with the pre-
vious fault-region configuration serving as a control case.
It is here to be noted that the errors calculated under the

above configurations are tested to be the minimum values by
optimizing the number of POD modes employed. As depicted
in Fig. 11, first, the size of the fault region to be recovered in
dataset B is doubled, and the overlap between the datasets
A and B is reduced accordingly. The time-averaged error e
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FIG. 9. [(a) and (b)] Comparison of fused data in dataset B (left) and ground-truth full flow field (right). Box with black edge indicates the fault region of recovered data in
dataset B. Box is also added in ground truth of flow field for clear comparison. [(c) and (d)] Statistics and spatial distribution of recovery errors. (a) Streamwise velocity; (b)
spanwise velocity; (c) time-averaged error eu; and (d) time-averaged error ev .
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FIG. 10. Comparison of fluctuating velocities from recovered data (left) with ground truth (middle) and contours of errors (right). (a) Streamwise fluctuating velocity and (b)
spanwise fluctuating velocity.

of the velocity field is observed to increase to 5.5% from its
original value of 4.9% observed for the control case. It can,
therefore, be inferred that with an increase in the fault-region
size and a decrease in the overlap of the two datasets, the
average error induced during data recovery tends to increase
owing to the smaller size of available data within optimiza-
tion equations [Eqs. (6) and (7)]. Although now shown here,
the error is also observed to go up quickly to about 6% and
6.5% by further enlarging the fault region to three and four
times of the original fault region. Second, upon examination
of fault-region locations, the positions of fault regions within
datasets A and B are switched, as depicted in Fig. 11(b). As
such, the missing data in the right-side downstream region
of dataset B are now to be recovered, and the correspond-
ing time-averaged error e has now increased to roughly 7.8%
owing to dissipation of major coherently shed vortices as they
travel further downstream of the cylinder. Low-dimensional
features of the flow field in the downstream region are,
therefore, weakened owing to stronger turbulence, thereby

making missing-data recovery an all-the-more challenging
task. For the last configuration to be tested, fault regions
within both datasets, A and B, are redirected along the hori-
zontal, as depicted in Fig. 11(c). In this case, the time-averaged
error of e is observed to have increased to 8.5%. This is
because the shedding vortices convecting along the horizontal
direction, which can be regarded as a major character of the
flow field, is masked to a large extent. Missing-data recovery
within the fault regions is then difficult to accomplish without
enough information.

As part of the above analyses, the convergence test and
accuracy of recovered data are examined by comparing them
against the corresponding ground truth values. In real-world
applications, however, the ground truth data are not always
available. It is, therefore, necessary to find alternate means
for conducting convergence test on the number of POD
modes employed and evaluating the accuracy of the recov-
ered data. The solution used in the machine learning pro-
cedure can shed light on this problem. In machine learning,
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FIG. 11. Different configurations of the fault regions within datasets A (left) and B (right). (a) The fault region in dataset B is doubled in size. (b) The fault regions in datasets
A and B are exchanged in positions. (c) The fault regions are redirected in the horizontal direction.
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the available data with ground truth are often split into sev-
eral subgroups of datasets to detect overfitting of an estab-
lished mode and test its performance. These datasets are
required to be independent of each other, but those follow
the same probability distribution. Here, the data in the flow
field can be split in space. Since the flow field is continu-
ous in space, the convergence and accuracy of the recovered
data in the fault region can be tested and estimated by exam-
ining the corresponding data within neighboring regions. As
depicted in Fig. 12(a), both the fault region and its downstream
region are masked. However, the ground-truth data are avail-
able in the downstream region to evaluate the convergence
and accuracy of this data fusion approach. Figure 12(b) illus-
trates the dependency of the accuracy of data recovery in the
downstream region on the number of POD modes employed.
By comparing to that in the fault region [Fig. 8(a)], it confirms
the similar convergence trend. One interesting observation is

that the error reaches its minimum value earlier when both the
fault region and the downstream region are masked. The error
reaches its minimal value when only about 50 POD modes
are employed, even though the error increases only slightly
by increasing the number of modes from 50 modes to 200
modes. The reason is that the size of the available data in the
overlap region is reduced when both regions are masked. As
there are less data to train the model, it is easier to become
overfitting. As depicted in Fig. 12(c), errors within both regions
are also observed to be quite close. Consideration of a larger
region of missing data leads to higher errors, of the order of
approximately 7%.

C. Wake flow of two cylinders
The above test demonstrates the performance of the cur-

rent data fusion approach using real-world data. However,
the flow field employed is still relatively simple with a single

FIG. 12. A neighboring (here, downstream) region is used to test the convergence and estimate the accuracy of the recovered data in the fault region. (a) Both the fault region
and downstream region are masked. (b) Error vs the number of modes employed. (c) Recovery error in both regions.
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FIG. 13. POD analysis of dataset A from the wake flow of two cylinders. (a) Energy spectrum of POD modes; (b) POD mode, Φ1; (c) POD mode, Φ2; (d) POD mode, Φ3;
and (e) POD mode, Φ4.
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dominating frequency. Therefore, the data obtained from
the PIV measurement of the wake flow of two cylinders
are used to test this approach in a spectrally richer flow.

By arranging the two cylinders of different diameters in a side-
by-side configuration, the resulting flow field has two domi-
nating structures with distinct frequencies. The field data are

FIG. 14. (a) Error incurred in data recovery vs the number of POD modes employed. [(b) and (c)] Comparison of fused data in dataset B using 500 modes (left) and ground
truth of full flow field (right). (b) streamwise velocity; and (c) spanwise velocity.
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then split into datasets A and B. To test the sensitivity, the
fault regions with the missing data in both datasets are first
directed in the vertical direction and then in the horizontal
direction.

Figure 13 presents the POD analysis of the dataset A with
a vertical fault region. As expected from the study of the fabri-
cated pattern, the energy spreads among more POD modes,
as shown in Fig. 13(a). The most energetic mode pair [Φ1,
Φ2] takes about 35% of the total fluctuating energy and cap-
tured the wake flow downstream of the larger cylinder, as
shown in Figs. 13(b) and 13(c). On the other hand, the sec-
ond mode pair took about 17% of the energy and captured the
wake flow of the smaller cylinder, as shown in Figs. 13(d) and
13(e). It is observed that the POD analysis can make a clear
decomposition of the two distinct wake flows. As shown in
Figs. 13(b) and 13(c), the majority of flow patterns captured
in the first mode pairs locate in the lower region (y < 0),
whereas very weak flow patterns are captured in the upper
region. For the patterns captured by the second mode pair,

the distribution is just the opposite as shown in Figs. 13(d)
and 13(e). Due to the different distribution of the flow pat-
terns among the modes, the performance of this data fusion
approach is expected to be sensitive to the location of the fault
region.

Data in the vertical fault region in dataset B are then
recovered. Figure 14(a) presents the dependency of the accu-
racy of data recovery on the number of POD modes employed.
The error starts with a moderate value of about 12% and goes
down smoothly by adding more modes. It then reaches the
minimum value of about 6.5% when using about 400 modes.
Figures 14(b) and 14(c) also confirm the good performance of
the current approach in a spectrally richer flow. By compar-
ing to the ground-truth data, both velocity components in
streamwise and spanwise directions are properly recovered.
As shown in Fig. 15, the recovered RMS values of velocity com-
ponents are also observed to be nearly equal to their corre-
sponding ground-truth values, albeit with a spatial-averaged
error below 5%.

FIG. 15. Comparison of fluctuating velocities of fused data in dataset B (left) with ground truth (right). (Top) Streamwise fluctuating velocity; (Bottom) spanwise fluctuating
velocity.
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In order to test the sensitivity on the locations, the fault
regions in both datasets A and B are redirected in the horizon-
tal direction, as shown in Fig. 16. The data in the fault region in
the wake flow of the smaller cylinder are recovered. As shown
in Fig. 16(b), the current approach also performs well when
using a proper number of POD modes. The recovery errors of
the velocity components can be reduced below 7%. As shown
in Fig. 17, by comparing to the ground-truth data, both velocity
components and RMS values are properly recovered. How-
ever, the convergence trend of the error on the number of
POD modes employed is different from that of the vertical fault
regions. As shown in Fig. 16(b), the error starts with a clearly
higher value of about 15% when using only the first two modes.
Then, it drops off sharply to about 9.4% by adding only the fol-
lowing two modes. After that, the error goes down smoothly
by adding more modes and reached its minimum value when
using 300 modes. The quick drop of the error is due to the

spatial distribution of the patterns among the POD modes.
Since the first mode pair majorly captures the patterns in
the wake flow behind the bigger cylinder, it is then diffi-
cult to properly recover the flow behind the smaller cylin-
der when using only them. However, by adding the second
mode pair, the error is significantly reduced when the flow
patterns behind the smaller cylinder are introduced. This test
provides a valuable guideline when applying this approach in
a flow with multiple dominating flow structures. It is neces-
sary to examine or learn the spatial distribution of the pat-
terns among the modes. Depending on the location of the
fault region, the sequence of the modes employed in the
approach can even be optimized rather than strictly follow-
ing the energy order of the modes. For example, in the cur-
rent case, the error can start with a much lower value of 11%
when using the second mode pair first, resulting in a faster
convergence.

FIG. 16. (a) New configurations of the fault regions in datasets A (left) and B (right). (b) Error incurred in data recovery vs the number of POD modes employed.
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FIG. 17. Comparison of velocities and fluctuating velocities of fused data in dataset B (left) with ground truth (right). (a) Streamwise velocity; (b) spanwise velocity; (c)
streamwise fluctuating velocity; and (d) spanwise fluctuating velocity.
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D. Wake flow of a finite blunt plate
In the above analysis, the Reynolds numbers of the flow

fields are relatively small, i.e., ReD is below 2 × 103. To
further test the capability of this approach in flows with
higher Reynolds number, an experimental measurement of
a separated flow of a finite blunt plate is conducted in a

wind tunnel. In this case, the Reynolds number increases
to ReD = 1.6 × 104. In addition, at this chord-to-thickness
ratio, the wake flow is observed to be strongly disturbed
by the separated flow induced from the leading edge of
the plate, resulting in an unstable and less periodic wake
flow (Zhang and Liu, 2017).

FIG. 18. POD analysis of dataset A from the wake flow of a blunt plate. (a) Energy spectrum of POD modes; (b) POD mode, Φ1; (c) POD mode, Φ2; (d) POD mode, Φ50;
and (e) POD mode, Φ100.
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The PIV data are split into datasets A and B first.
Figure 18 presents the POD analysis of dataset A. Due to
the strong turbulence caused by the high Reynolds num-
ber and the less periodic feature of the wake flow, the first

two POD modes only capture about 20% of the total energy,
which is much lower than those in the above two flow fields.
Accordingly, the major coherent patterns are captured in the
first mode pair, whereas strong less-coherent patterns are

FIG. 19. (a) Error incurred in data recovery vs the number of POD modes employed. [(b) and (c)] Comparison of fused data in dataset B using 1000 modes (left) and ground
truth of full flow field (right). (a) Error vs the number of modes employed; (b) streamwise velocity; and (c) spanwise velocity.
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FIG. 20. Comparison of fluctuating velocities of fused data in dataset B (left) with ground truth (right). (a) Streamwise fluctuating velocity and (b) spanwise fluctuating velocity.

still captured by higher-order modes, i.e., in Φ50 and Φ100.
Figures 19 and 20 present the recovery performance of this
approach for the velocity components and their correspond-
ing RMS values. The errors are found below 6%. The fused
flow fields of velocities and their RMS values are also observed
to be nearly equal to their corresponding ground-truth
values.

IV. CONCLUSIONS
This paper reports the development of a data-fusion

approach to recover the missing data in unsteady flow fields.
By changing the location of the fault region of the miss-
ing data, two sets of measurement data, datasets A and B,
can be combined to form a single set of consolidated data.
Applications of the proposed methodology to fabricated scalar
patterns and PIV data of various velocity fields have been
discussed.

First, three fabricated scalar patterns are used to
demonstrate the capability of the current approach in
flows with different frequency spectra. In general, more
POD modes are required in the data fusion approach to
repair the missing data if the flow becomes spectrally
richer.

Second, the PIV data of a wake flow of a single cylin-
der with a Reynolds number ReD = 1.8 × 103 is used. For
the real-world data with turbulence and fluctuations, this
approach encounters an overfitting problem when adding too
many higher-order modes. Using a proper number of POD
modes, the recovery errors of the velocity components and
their statistic RMS values can be reduced below 5%. The
performance of this approach is also examined under differ-
ent configurations, size, location, and direction, of the fault
regions. It is found that the error generally increases with
the size of the fault regions. The location and direction of
the fault regions can also influence the performance of this
approach, depending on the low-dimensional features of the
flow field in the fault region and the information captured
by the available data. In real-world applications without the
ground-truth data, a method is also proposed and demon-
strated that the data in a neighboring region of the flow
field can be used to avoid the overfitting problem and esti-
mate the accuracy of the recovered data within the fault
region.

Then, the wake flow of two side-by-side cylinders with
different diameters is used to test this approach in a spec-
trally richer flow. This test demonstrates not only the good
performance of this approach but also the necessity of
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examining or learning the spatial distribution of the patterns
among the modes. Depending on the location of the fault
region, the sequence of modes added in the approach can be
optimized rather than strictly following the energy order of
the modes. After that, a wake flow of a blunt plate is used
to demonstrate the capability of this approach at a relatively
higher Reynolds number ReD = 1.6 × 104.

The above analysis demonstrates that the proposed data
fusion approach works well for PIV measurements using two
sets of incomplete data owing to simplicity. This method can
also be extended to fuse multiple incomplete datasets one by
one. It is worth noting that this method predicts the miss-
ing flow field in the fault region based on the flow struc-
tures in the measurement region. Therefore, the successful
application of this method is based on the spatial correla-
tion of the flow structures. In general, it will be easier to
achieve a good recovery of the missing data if the flow field
has stronger dominating flow structures that are closely cor-
related in space. On the other hand, when the target flow
has high dimensions with weaker spatial correlation, the fault
region should be small to ensure a good reconstruction. The
small regions of the missing data are also common in appli-
cations. For example, the missing data can be caused by the
blockage of other sensors (small pressure sensors or tempera-
ture sensors) in the PIV laser sheet and narrow shadow regions
in the channel flow due to the different refractive indices
between the model material and the working fluid. In addi-
tion, the optimized configurations of the governing parame-
ters, such as the number of POD modes employed, and the
size, location, and orientations of the fault regions, can be
achieved in real-world applications. As demonstrated in the
current report, the configurations can be optimized by testing
this method in a neighboring region close to the target fault
region.

It is worth noting that this data fusion method can
also be easily applied in other applications, since it is only
based on the spatial correlation of the signal (here, the
flow field). For example, it can be extended to the applica-
tion of PSP measurements of the pressure field which can
also suffer from shadow regions within the light field. In
the application of real-time flow monitoring and control,
it is usually required to obtain full flow information from
only several sensors that, however, can only sense a local
flow field. Using the current approach, the sensors can be
first applied in various locations to collect local informa-
tion and build the spatial correlation. Then, in the real-time
flow monitoring and control, only much less sensors can
be used to predict the full flow field based on the learned
correlation.

In the future study, advanced machine learning
approaches, such as long short-term memory convolutional
neural networks, will be tested to learn the non-linear cor-
relations between the multiple datasets in both spatial and
temporal domains. The successful application is expected to
enable a more accurate data recovery of the flow field in a
larger fault region with a higher Reynolds number.
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